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O V E R  A G A S  B U B B L E  A T  L O W  M A R A N G O N I  N U M B E R S  

Y u .  K. B r a t u k h i n  UDC 532.529.6:536.25 

The problem of the thermocapi l la ry  convection in an unevenly heated liquid near  a gas bubble is 
solved analytically. Es t imates  are  given for the velocity of drift  and the shape of the bubble and 
the vortex boundary. 

Let  a gas  bubble of radius a be placed in a liquid which fills the entire space. A constant tempera ture  
gradient  VT = A is maintained at infinity. The force of gravi ty  is absent. Shear s t r e s se s  producing the rmo-  
capi l lary  convection in the liquid develop under these conditions owing to the tempera ture  dependence of the 
coefficient of surface tension a at the surface of the bubble. The bubble i tself  begins to move. Under steady 
conditions the velocity u of this t ranslat ional  motion is constant and is determined in the course  of the solu- 

tion. 

The problem can be formulated as a s teady-s ta te  problem if one changes to a f rame of reference  con- 
nected with the bubble. In such a sys tem the velocity of oncoming flow of the liquid is equal to the drift  velocity 

of the bubble with the opposite sign. 

In the repor t  it is assumed that the gas in the bubble is thermal ly  nonconducting and its viscosi ty  is 
vanishingly small. This allows us not to write the Navier--Stokes equation and the heat-conduction equation 
for  the gas. However,  the p r e s s u r e  q in the bubble must  be taken into account in writing the boundary condi- 

tions. 

The problem will be solved in dimensionless  quantities. For  this we take the following as the char -  
ac ter i s t ic  dimensions:  the radius a of the undisturbed bubble for the length ld~/dTtAa/~ for the velocity, Aa 
for the tempera ture ,  and ld~/dTtA for  the p ressure .  Then the steady distributions of velocit ies v, p re s su res  
p, and t empera tu res  T in the liquid are  determined by the sys tem of equations 

M ( v T ) v  = - -  7P  + Av; ~7 v = O; MP(u + vV T) = AT. (1) 

Here  all the quantities are  dimensionless ;  M = td~/dTI (As 2/v~) and P = v~ x are the Marangoni and Prandt l  
numbers.  The appearance of the drift  velocity u in the heat-conduction equation is connected with the choice 
of the reference  point of the tempera ture .  One can assume that the motion is already established by the 
start ing time. Then it is convenient to measure  the t empera tu re  f rom the undisturbed tempera ture  of that 
point of space at which the bubble is found at th~ t ime under considerat ion upon its continued uniform motion. 
The par t ia l  derivative with respec t  to t ime in the nonsteady equation of heat conduction also gives a t e rm 
proport ional  to u. The corresponding t e r m  of the Navier--Stokes equation vanishes in the chosen f rame of 

reference.  

The boundary conditions at the surface of the bubble must  be added to the sys tem (1). We take the free 
surface of the bubble as impermeable  and thermal ly  nonconducting, and therefore  the normal  components of the 
velocity and heat flux and the normal  and tangential components of the s t r e s ses  vanish at the surface. We 
write these conditions in a spher ical  coordinate sys tem r,  O, ~0 with the polar  axis paral le l  to the vector  A. 
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Fig .  1. M e r i d i o n a l  c r o s s  s e c t i o n s  of bub-  
b l e s  in  h y p o t h e t i c a l  l i qu id s  of the  w a t e r  t ype  
( cu rve  1) and  the  m e r c u r y  type  ( cu rve  2). 
The  b o u n d a r y  of the  s t e a d y  v o r t e x  (dashes )  
beh ind  an a i r  bubb le  in  w a t e r  ( so l id  l ine)  wi th  
M = 0.715 i s  shown at  the  c e n t e r  of the  f i g u r e  
at  a s m a l l e r  s c a l e .  

W e  wi l l  a s s u m e  tha t  the  bubble  i s  a body of r o t a t i o n  wi th  the  ax i s  of s y m m e t r y  a long the  p o l a r  ax i s .  The  
s u r f a c e  of the  bubb le  i s  g i v e n  b y  the  equa t ion  r = R(0). The  func t ion  R(0) m u s t  be found in the  c o u r s e  of the  
s o l u t i o n  of the  p r o b l e m .  We t ake  the  c o e f f i c i e n t  of s u r f a c e  t e n s i o n  as  d e c r e a s i n g  l i n e a r l y  wi th  t e m p e r a t u r e .  
A f t e r  t r a n s f o r m a t i o n s  [1] we ob ta in  

R' OT R'  OT 

P - -  q + M , Or R (R 2 -}- R'2) 1/2 J 

e r  or  
Or + 0--9 2R' (Ors + ~ . 

(~, + R,~),/2 ~ro ~ V -  \ - ~  vr ] 
(2) 

H e r e  o~ o = aa/71 v i s  the  d i m e n s i o n l e s s  c o e f f i c i e n t  of s u r f a c e  t e n s i o n ;  2H = 

1 Ovr Ovo vo 
the  a v e r a g e  c u r v a t u r e  of the  s u r f a c e  [2]; ~r0 --- - -  - -  + 

R O0 Or R 

2R" + 3R '2 - -  RR" cot 0R' 
M 

(R ~ + R'2) 3/2 (R 2 + R'2) 1/2 R 
i s  

A u n i f o r m  f low,  a c o n s t a n t  t e m p e r a t u r e  g r a d i e n t ,  and z e r o  p r e s s u r e  a r e  a s s i g n e d  a t  inf in i ty :  

- U r : - - U C O S 0 ,  U0: U sin0, T = rcos0,  p = 0, (3) 

We wi l l  s o l v e  the  b o u n d a r y - v a l u e  p r o b l e m  (1)-(3) by  the  m e t h o d  of j o i n e d  a s y m p t o t i c  e x p a n s i o n s  [3, 4]. 
F o l l o w i n g  t h i s  m e t h o d ,  we d iv ide  t he  e n t i r e  s p a c e  into  an o u t e r  0(M - i )  < r _<- co and an i n n e r  1 - r -< 0 (M - i )  
r e g i o n .  The  e x p a n s i o n s  v . ,  p , ,  and  T .  in  the  i n n e r  r e g i o n  (the S tokes  expans ions )  a r e  v a l i d  fo r  M - ~  0 and 
a f i x e d  c o o r d i n a t e  r and  s a t i s f y  Eqs .  (1) and  (2). The  b o u n d a r y  c ond i t i ons  (3) do not  app ly  f o r  t h e s e  expans ions .  
The  e x p a n s i o n s  v*,  p*,  and T* in the  o u t e r  r e g i o n  (the O s e e n  expans ions )  a r e  w r i t t e n  in  the  v a r i a b l e s  p = 
M r ,  T* = MT*,  v* = v , ,  and  p ,  = Mp* and s a t i s f y  the  b o u n d a r y  c o n d i t i o n s  (3) and  the  equa t ions  

( y ' V )  v* ---- - -  VP* + Av*; Vv* =: O; P(u  + v*~T*) = AT*. (4) 
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7168 1792 14 2 2 

T ;  = p c o s 0 ;  v3 = 16p3 - ~ -  -p- § 

, r 1 

+ V  P ; +  

4 32 p3 ' 

P1 , [ P ( 3 2 P - 5 9 )  P ( 1 6 P - - 7 )  ~ - ~  p1 
T~ -- 16p2 ~- [ 1 9 - - ~ . Z I -  ~ + 128(P--  l) 

X exp 4 + p - -  . @ - -  P1 e - ,  128 (P - -  1) 

X e x p [  - p ( l + c ~  ] 4  , P (32 P - -  768 

In the p rob l em  under  cons idera t ion  the re  is no t e r m p r o p o r t i o n a l t o  r -t (the "S tokse le t " ) in the  exp res s ions  
for  the veloci ty ,  owing to which the second approximat ion  in the Stokes p rob lem is  absent.  The re fo re ,  the 
expansion for  the veloci ty  p r o v e s  to be uniformly appl icable in the ent i re  space  up to the th i rd  t e rm.  

The equat ions wri t ten  above were  cons t ruc ted  so as  to reduce  to ze ro  the m a s s  flux through any sur face  
including the bubble. These  a re  the only poss ib le  express ions .  Any other  functions will have s ingular i t ies  
of higher  o rde r  at the or igin and consequently will p rove  not to be joinable with (5). Using Eqs. (5) one can 
cons t ruc t  a un i formly  appl icable compos i te  expansion. With i ts  help we cons t ruc t  the s t r e a m  function ~ : 

= - -  s in  2 0 (r - -  1 § M~s2P2) Jf 1 9 (r  2 § r) [ 4 (P + r3 + r~) @ 128 cos 0 

+ ~ [ ( 4 8 2  9 ,  3P 49P 2)  ( 7s~ 
5 1280 T 320 2880 P ~- 10 

9 3P 4 9 P ' Z ~ r 3 + ( ~  + 9 + 3P 
+ ] - 2 ~ +  320 2880] 1280 32---O 

- 128--Z - 24 640 

(6) 

This  express ion  is  reduced to ze ro  not only along the axis of s y m m e t r y  0 = 0 and at the bubble sur face  
r = 1 + •2S2P2, but also on the curve  whose equation is  obtained if one equates  the cur ly  b racke t s  in (6) to 
zero.  This  equation approx imate ly  d e s c r i b e s  the boundary of the steady vor tex  behind the bubble. F o r  an a i r  
bubble in wa te r  (P = 7.1, a 0 = 73,000) a vo r t ex  appea r s  at M,  = 0.715. The shape for  M = 0.715 is  shown in 
Fig. 1 by a dashed line. The de format ion  of the bubble (solid line) for  the a i r - - w a t e r  sy s t em is negligibly 
smal l .  The re fo re ,  the shapes  of bubbles in two different  hypothet ical  liquids of the water  type (curve 1: 
l a rge  P and l a rge  s0) and the m e r c u r y  type (curve 2: sma l l  P but la rge  s0) a r e  shown in the f igure at a l a r g e r  
scale .  It is  seen that  the shape of a bubble in a liquid with a la rge  P is  quali tat ively s im i l a r  to the shape of a 
bubble moving in wa te r  under  the effect  of the fo rce  of gravi ty .  With smal l  1 ~ the fo rward  pa r t  of the bubble 
is  f la t tened while the a f t e r  pa r t  is drawn out. 

We note that  s ince the bubble moves  uniformly the total  fo rce  of r e s i s t ance  is  equal  to zero: The s t r e s s e s  
produced by su r face  fo r ce s  a r e  compensa ted  by v i scous  f o r c e s  of friction. 
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N O T A T I O N  

T, t e m p e r a t u r e ;  v, velocity;  p, p r e s s u r e ;  v, coeff icient  of k inemat ic  v iscos i ty ;  7, coeff icient  of dynamic 
v i scos i ty ;  X, t h e r m a l  diffusivity;  4 ,  t h e r m a l  conductivity;  r ,  0, 9, coordinates ;  a ,  bubble radius;  A, constant  
t e m p e r a t u r e  gradient ;  u, dr i f t  veloci ty;  2H, ave rage  cu rva tu re  of sur face ;  M, M, ,  P, a 0, d imens ion less  
p a r a m e t e r s  of p rob lem;  different ia t ion with r e spec t  to the coordinate  0 is  denoted by a p r ime ;  P I '  Legendre  
polynomials  of o r d e r  t ; a ,  coeff ic ient  of su r face  tension;  r l ,  0"~, unit vec to r s  of spher ica l  coordinate  System. 
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V I S C O S I T Y  O F  A W A T E R - F L U I D I Z E D  B E D  

R.  B.  R o z e n b a u m  a n d  O.  M. T o d e s  UDC 532.529.5 

The method of damping of osci l la t ions  of a ball  submerged  in a f luidized bed is  used to study the 
v i scos i ty  of the bed. 

The rheologica l  p r o p e r t i e s  of an a i r - f lu id ized  bed have been studied r a t h e r  extens ively  and by different  
methods.  The re  a r e  expe r imen ta l  data which we obtained [1, 2] allowing one to draw ce r ta in  conclusions con-  
cerning the dependence of the effect ive v i scos i ty  of the bed on the p r o p e r t i e s  of the solid phase.  

To c la r i fy  the m e c h a n i s m  of the effect ive v i scos i ty  and the laws of i ts  var ia t ion  it  i s  n e c e s s a r y  to study 
beds fluidized by different  agents ,  and t h e r e f o r e  it  is  advisable  to make  m e a s u r e m e n t s  in a bed fluidized by 
water .  These  m e a s u r e m e n t s  p r e s en t  definite diff icult ies,  since in i t s  rheologica l  p r o p e r t i e s  a s t rongly 
r a r e f i e d  bed approaches  the p r o p e r t i e s  of the fluidizing agent, the v i scos i ty  of which is  low, Using the method 
which we developed [3], which p rov ides  for  the motion of bodies in the bed in the region of smal l  Reynolds 

TABLE 1. C h a r a c t e r i s t i c s  of Substances  Used for  Cal ibra t ion  

Substance, % at t, *C 

Water at 20 
Aqueous solution of sugar 

20 at 21 
40 at  20 
60 at 34 
60 at 30 
60 at 25 
60 at 20 

Glyce.tin 
Castor off. 

p �9 10"3, 
kg/m 

p �9 10, 
N-see/ 
m 2 

1,005.10 -2 

Nexp 

i 

m2/sec 

,0 

,08 
,18 
,29 
,29 
,29 
,29 
,24 
,95 

1,96.10 -2 
6,2.10-2 

27,97.10--" 
33,78.10 -2 
43,86.10-2 
56,5.10 -2 

3,68 
9.03 

55,5 

4O 
25,8 
14 
13,2 
11,0 ~,s 
2 

0,01 

0,018 
0,053 
0,217 
0,262 
0,340 
O, 438 
2,968 
9,505 

55,5 

43,20 
30,44 
18,06 
17,03 
14,19 
12,25 
4,96 
1,90 
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